4) Exactly solvable models
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Weyl 5 theozarn 05 s0ou 0o we cout nhow thel”

Sze (R0 plHo) at (Hy-2)'- (Ho-2) io cort
Siwce we. peeviooaly Pw\!@a‘ Hhet 6(Hr) c [‘%“‘ely} ), yiegouxt& (“m,'%(@z)l)cf(ﬂr\ﬂ f(“c)’
it i> ooffid@cd' 1o [rove- Head

(He+A) ' = (HotAY ' 15 wwpufr for nowe A> -%: (lee?)*

By e recoud xesobvel L‘Jm’ily we gd CHy + 0 = (Mot V' = = (et A (H- 1) (ot A
(He+A) " i> @ boouded opGJzZ‘Bb _ -
(bouuded oFeu.o—.l?:z) x(CoM-krm_r:r of@@z)z wm[,“]L Wz = i Nﬂ"%_ﬁ’ [roue Hmj_

(He- M) (Hot A = V (Ho 4 1)
> mw{n.c’l' oP?Jt.n]Ez.

LQT (VE3 Fu"’ V=V le,n(o) + V’ums\sn(o) = Vr)_’n +\/m,n € Lz(fR,Z)-i- L‘*’(R,—")

_. {ER 1x Vg (Hot2)
. (Vz,h(Ho’rA) LP)('M—) = Vz,n(")f&glg_ 'z—';_llze't—;“_gl——- q/(‘f) :ff&% kn(xlﬂ) ({’(‘3) = ioZI(oJ&.LPo.cT

2 o~ Tix-4) Il o -yr
<ol B(rp&m%=C_rR3i°mc:g|Vz,n(x)l € =cll Vz,nllﬁfoolry‘% <0 > Koel'(RxR)

(X-yl%

. |\V(Ho+))"~ Vz,n(Ho* le "’B(Lz) = “Wn(Ho* ])_'“B(L") S "WnIILoo ” (“o+ AY”' B(Lz) —?O

‘ = V(Hot V) 05 the Ot i omgowx’[??fo@@f ch 6. sgueue ¢ COH*F‘EJ OFQXJB"—”/

mo V(Ho+ 1) o coui(ﬂcj—oo well, oﬁh’wﬂé% [reving the theaco
We M—poif the ﬁ:ﬁow(ﬂl—g, el / withool” ab.)cumvé o ,‘rlmJ
Proposition: 6 (He) = &
@sdﬂon(mm\ theorem); Lok Ae o (Hr), YeD(H¢) AT HY- AY, IPll= 4. Theu,
A= KW HAWY = (W, HoW> = L V> <0

‘ R;:op\c Let uo wousider the oco_gmé ope/w."Bz:a (UsW)(x) = €2 Y(eSx) (seR). Thew, we hage:
. LUt seR > & o"rzoua%} couhmvoos um"fofg i with gw.ua&fow A2+ 2w r'
423




® uer u; = e—zs H°+e—SV (%e EXFg.o.'l' Pow& OJ. ,‘lr:"g_Ax“%z F&a-’ &) k—oéﬂ-)

< 0 = U, (He -9 = LU, (Hot V-2 4
0 = <(He -2, USU> = <) (He-DUS WD = CUsY, Us(He- D US W = (s (€ B Hor eV - >
= 0 =KUY, [(1-e 25 Ho +(1-e-5) V]U>

= 0= b U [ Hot (e WI*D _ 4.0, > +<H VD 5 (VP = - 2K¥, Hok>
‘ = A= HAD = (Rt >+ (B VY = ~ <Y Hot D> = 3 <4 VD ) \
&:Fosihon: op(Hr) = ‘:_En]néw (MJQ\'MLL& oequeuca_) ™~
En<O VnelN; Ea<Eapr; E=wdolHr);  fow En=0; aguu.le ngl’llaéa"g lfne N

h—=00

Proof: o Ye D(H) = HY(R®) = USY = U = e > ¢ (e=x) e D(HY)
= HoWo -1 a We (R = 0< <YW, HYY < 00

= Vet ¢ A(R?) by Hordy wequelily = —o0 < < ygy <0
= {UFY HAUSEY (Y, UsHA US> = e 25 Ho W + e754Y, V> <0 L,§ fexiug s»4
= 3 A.Legnj‘l'\le. e(%g_uuo.@}e, Eeq. (H), E<O, nuce og(Hy) = [0,00).

Lt P (R of, “cp“e: 1, s Balo)\ B, (o) oud G ‘Pn(x)=(Us::n€033q°)(x)=3'%c(’(3‘"x)
= lall 2=l U;CP“LZ - llq’lle= + ‘g > JL‘-Pane,M oaqnouozwqg
5oppfa e By ao(O\ Byalo) = sopph et =% f nem
= (Do Hebnd =0 f nem oud <o HBY = (UL N USDD<0 for nonond
= span{q’no,-«-, A m(pzx(“r)h:o) - rou( P[E{,O] (H')) V>0 (E{:w’is(ﬂr»‘
- the. {hents u&hmal‘e,% Pollow how Hie akove wasumw’fa recatliug ool
A€ gy (H) & Pray(H) 40

‘ & ciquvedor <= e roul Pay(Hy)
IM l’,)o)bl‘lwgwb P[E,,O](Hr) = pl,{LEn} = % PLEnS ) dwl(m(&om)(l-lr))) =+

Profosthion: « E¢ - taf ol - ~ i (ken
o |

o Ground ST&Te: Y, (%)= ﬁr;lg/‘“ e IRa (Rﬁz;ﬁ,cez: Boha!s J'c.o.aliua)

:P_rf?,(_:" The {odd "no[)ooil'('ou e a02en %usd— Et: (,ULc‘f O‘(l-{r) (> oW &%&LU‘Q.@)& ’/U. oaa(ejc,t:
defermine the relsled e—lgwfouchm&, we ODU.D(G(QJCT?_LQE (P‘Jucl'(m: DJ the fow.c.

Wi (®) = G, e~ A/ (x>0, Cr»0)
00 2
i:“qﬁll:}:(ﬁffdz e~ _ an et fdr ReAr_ fnca oy
e °

» Ve !
Upper boynd

= _ B2 o 8 Jeatne 2L o afT z[kl_a’_gl -Ar

Ei_'mgfcy,jr%:zw,\,urtp - J’Rglx[@wm e Ml}znrc,\[:lrr @{*’) rJe,
B [ R kel REAT he?
= A, [4”#) A"J 2= A

;\3/2;

7T )
L (A ke (Le?) RO )
Lp_“{":t_b??!\_ql_ Coolomlo‘llesjﬁmife, (oee Leéow)
w { e & K 4, f_‘f;l o . L & _fat i
Ei= ot < Hrw-lm{{f@gm 3 = 1 ] s g [ 004l - ket luell, i
od [ B2 leezg] o _ P ked)® = boo
> {1:% [.zy."/ e ".] = T (&m Eouu.nl = UﬁJQL A.lal)

|Lemma(Couloml> esl*(male)i Ge H'(RY) = _rmao{% IL:J—::)J-Z-‘: l Vq’”,} ||‘~!/||Lz. |
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Let vo [rove the eoLm+9, oo We €7 (R®) We (nea‘uu'm%_ wohce the cJeuLg
o W= 2o )= 2 (4 - mx)e -2 ¢

\I-:' X x| J=i 1x\ IX1* x4

We. thew. oblein _
@ = T, ]9 = 3 9% (3 9)> (%, 102]  (infegaaling by post)

1x\ x|

‘ = S [- <O B> - <Y, 0] < 2T 10 || B (S ag?) (S| ) 299 1d
|SWC€ EC®) i> dewse. (u H4(R3), the theas U%MJQ% gawowa L&I ;rOUDIO’U.! c’éuaclg W@d} 'ﬂl

Decomposition in angular harmonics
To choractoree the. Ofedm G(Hr) woee exp&df’zd,, i is wuueut"&it expéod‘“le mt_kom@
”gﬂiw% oi Hre, MMJJ-QL
Def. The angolar momertom operafor Li= > eq @R, D(L)-E®) (i=423); L= Ljrl3ely
Rmk: Eijie= Levi- Civit, oyutbol, selol> mmu;u"iug cau[aoueu—rb ;)P = mo ozolezzm% curbigody.
Rmle LuLz, L; ore uu.Louu.alea[ ogmméﬁc‘c ofexn—_[?:vz,o (iu JQ@J p e/neufne_% /xef ~qo(jol'u.+)
Lemma: [Li, L] = L'Lé.?s;j.b Lo, [L,3]=0 in EECRY).
Proof [LUL.-..]:[QEM]—_ Qe[P,Rs) P, + QLAPIP; = ~hQeP + (K QP - kL,
A SN e R 0 O T P O P D 1 A I ST O

Rmbe: [Li, L] #0 = Li,Lj ore sl ouepehble obocrvcbles = F jouit opeclial. decowprachion

J =5 HQEOJMLOJ% UMCQK‘@NM-IS Mgoliouo. P F |
Rmk: L = ?Qu@uj.\ot a(l r R | the L R — umjﬁvg qeeup Ug = otBL

haiae LB

Exercise (owpole the au.u_Qoaooa clomical Boirmu brakdd foe Mi:z-:gjf—ijuxj Prc

Lel wo atow onceeaf To exouuve fhe rebohve Howllouson U, in Fogolt cooralennalen. To this avedd,

cousider the Sloudord ohau&e oj coordantaten
¥ = r il conf r=Vx2cy2.22 € (0,00)
y=rawbon < QZW(&%TB) ¢ (0,%)
2= rob = otdy(¥) < (0,2n)

T tole;xl'lﬁtw the uuA‘Mg ofJe)w—l_éL

U LR d%) ~ LR, dx) o (R, dy) @ (R, d2) —> (3((0,00), r?d) o (0,0, »wbd6) @ (X(1o21), o)’
G(x) = W= v,2) — (-P(\’O{MG‘(.G:'(P, 2B o @, re-0)

83 expﬂa{’ waxpo'ro.fr‘ouo we derive w.e fo&wwg

Lemma UL,U*= gk(m¢q9+1‘;§°u‘gfa¢), ULzu*:.;R(_mcmB,r%%g@), UL, U = - ik 9

ULEu*= - KZ[Q{L—BQG(MQQG-)Jr (acecg]_—_ ~t.?'AgZB) (LgplacenBe,rrami o[Je.rS“or oM SZ)
UH, U= -5[#9,,(6&& -)+ﬁ;{.—wg&(m9‘39 )+ %%]-%Z: _5#gr(rzgr.) +£_2_ _ycriz
Rmtc: Lu the oenzuee,i—he u)wd'iné_ oPem"Bw Uwd ke ouw:ﬂ"ea‘} Hﬂwa[m w%kwg_ T Foéofr. amc(wt&fep
Pﬁ’l’m: o L3=-kp 0o Q/??-le'l nelf- oo{)‘om‘f_ ou
D(Ls)={¥e (0,200 E'(02a) | W(0)=4(2n), ‘{“'(D)=“V'(2W)§
e 6(L2) = 6. (L3) =6}P(La)= | fom | me 2]

P\’QOEJ '-H’E Fouer {]PQ"“"% { Q'lmq’ 'y ol 0?,‘“'\0 z,woﬂ tvootb CA) LZ(O;J.[Y) CQM?(.'D[’I'J.LS_ 04
p

L it }me?L ,

. . \ [« im
Qk%KuVQc—téLD mg L3, ve., Li f‘-‘_ar =fm %_W. oy -




Rk« the. obaewable yelueo oj the z—couqaouw"ro(r the w&”’&’” womenkn ore. di>cezle.
’P_rolnoSihoﬂ: s 5= -RZA(SLE) (o eymwh oeq—o-cld'omf o D(¥)=E°(s?)
o (1) = Ggec (12 = clls ) = P (£40)| L& INGY
e 3 Yen(8,0 ey, orthotormel bors of 12((0,0), 58d8) 81%(0,200d) - LX( 5l 1).

me7

L3 yem = Rm yem L_Z yem = b&Q(@M) yem ) ll YQm“Lz(SzlaLQ’) = ’.L
Rmk: the eigeuspace ma'JeA to the 6(‘8,wuo.aue 120(0e1) hoo olcwewsion %:Z:L: 2644

£=0:"s-wave" (s= <harp) — A\ Yoo(s‘xq’)=“: ~p ground date :
y ; . = h T o fet? A
ez_j_,- [Jﬁwa_w; (PEF“\\’\CAP@.\)—‘? waﬁ,cp):\/zm_cm&, YthitglcP)=\{2ﬁrm E ol_s Py
Rl Exp@n’aﬂ% exPzao:.Lous agoz the Epher(cal harmonics
M+ lml im| imep
8,0) - (<) 5| (e e-ImD! B p) e’ “Lemgl
Yem(6,€) = (-1) F__’a‘“""" e () & (-Lemel)
Pém'(&);:;lea U—tﬁmhflgrm (-8)°  t-cebel-u1] “generaliced Legendre pelynomials”

‘ Proof Lt o iuiodoce the ré,'gl-ng/[owe.r(na oPera'_tBrs | o= Ll , DILI-ES2)

Lemma {: 3y L5=Ly; WL, L]-2kls, [Lslel=thls, [CL.]-0; \
C) '_2: L+L__KL3+ 2'—5 = L_l__.,'fjﬁ,l_g,‘l'[_zg

Prost: Explicit com[ao’ruliou vaug Ly-T e R ‘oot )

Lemma 2: Let s m€ 12(S?) be ot LZYM:H‘,\YM, LaYim=km Yam, | Yanll- :L,Thw,foz Az m(ma),
L_Z(Lt \/,\m‘: H'A(Lt Y)\m),o l—s(Lt\/)m):t(m‘Ll) Ls Y,\m, “ L;t y;.m“:h(/\* m(tntl))
Pronf (Lo Yam)= ([L2A]# Le [2) Yan = A LiYon;
Ls(LtY/\m)= ( [Lb, L¢]+ l.--_t Lg)}’;.m = {tnLi+tm Li) Y,\m=ﬁ(m4;|) L:L yf\mj
“ Li’—y?ﬂ""lz < yhm; Li LiY)m> = <\/2«m; L:L l—:t \/Am> =< yAm, (LZ IRLB“ 23) y?\m>
= (KA 1R(Em)—(km)2) <y Yam» = R (A-m(mz1) 20 (moza)

Lemma 3 2Yam=k2A Yam = A={L(lx) with -L<mel, Le W,
Preof: 0 llLy Yamll*= R2(A-m(m+)) = m(ms)< A with mez = X>0, mi:‘(*')‘_’{m
Sethug b= L L xr e® = A=), (€+i)?': A+£L‘3 m(mtl)+%=(mt}_)1=>l’—e£m£€
BY wfu'-f?.aobcl-iou, orvwe LeRAN. Thew JkelN o medecbemilesd
Cb?: ‘be(g“)!mfk = L2¢=ﬁ,2€(f+l)¢, L3(1>=h’(m1-&.)£t) = L3L+(:\>=Jﬁ.(m+l<.+l)d)
= Lid 5 o e.ia,q;we?,ﬁm OJ La whech doeo st ?u@ﬂ{’[; femekeicl W

Tglr.mgr the eboe Lewumao 1ild Q_ccouuj—, the ocf cou Mow be com egl m‘f“ma;u. fhe
e e/t?vwecfra o(tacu:necJ fosz_ LMUJ-OLT; o tialoz FM 3

Lel Yane l3S) 51 L Yam=tmYam, LBYan=5AYam, [Yaall=1 &

Lemma 3+ {%f} odthovorwal, bosco 04 12(0210) =5 Yoo (6,€) = N e (6) %;QP (<lemel)
Lemms 2.

,m:-Q: m(m—l):ﬁff+l)=)\ =4 |[\___\/em[|2:ﬁ?‘(kvm(m-t)):o =2 L‘yﬁrezo

5 (99—%—9) /\E,—E -0 = /\el_t (9):CQ(G{U.9')£ (HYEr(’,“:'.L’—‘} CE:J%)

® m=—€+l: Lemma-’l, = y&,—eﬂ :L”f_\@i (0 & /)0&"1'0,& OCF (*) oual t‘i‘ o 196 o’ftowu %_
Fizg (,ou'hoob;c."{ou Hu:ft it 5 the ou.l% olue.
(-f,ez ‘P(XQA Ce Ny, m=—C+1)
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o fem<l: By Herakion, we «ad Kot - E'am Con Lﬂ”" Ye, ¢ (> the outgue 0bobou of &)
Lo Legoudre Poeyan&Qa e by oﬂaal:-?mc, cowpuTofhow-

Fu ) /U.Ol'ice. qu, mouu( c:t':«;
o yjf\ﬁdw Eigﬁu guuc,\f:ma oﬁ_?‘,?: WOOQTQA t cle}m et’gﬂuuoﬁueﬂ-—} II,Yemg oz{'[wgmo.a

. Stove-Weierslzonm theozaur: {P™} deuse i 2(-1,1) = | Yem| comFed“e 975[?2111. ‘
= jL‘/emll O?,Hmun’w.m.o. ‘sﬂ»{d COuJ(DL]'Mg_ oé) e,l'aﬂ.lw_daw.

Corollary Vel R?) Fhdeml,. c [2((0,0), radv) o1 G(r,8,%) = ;; %—;e fam(r) Yom (8,%)

Enerqgy levels and bound states
The goﬁﬁowm& mw@’r ) oe@f—@videﬂ', woafu‘ué o Fogo.b coowLm{rep
Lemma;[Ls,H¢]<0, [L%H]=0
Rmk: Hy = —E:%_‘[_l‘ar(r?“)r ‘)+;l7_;?~f Lﬁ} = @: h,® T, ac(—.'ué ow L*((0,00), r2dr) ® [2(s2 d0)
wikl, T = FzﬂeElB?. ow oPan({yel_e,___, ye,e}) = mif:al\/em><\/€ml . |_7-(S% aLQ_)
he=-22 Lo (o, )+ B ke oy |2((0,m), 2r)

Qpm ¥2 z,u.r”— r

[t is H‘leu Moj"uwﬁ To &ok ﬁm COLULLOLL e(g@%e.xucl'l'oxlﬁo o(f Lg, |_z, H ocﬁ the dgo‘w.L
LVE,E,m(r' B‘l (P) = £E£ (r) y€m (97 CP)
Oj—. L3q/E€m:h'mq/E€m1 L?LPEﬂm:k’ze(eﬂ)q/Eeml Hr E(?m:Eq/Eem — h'ngg: E:eeﬁ
R, The. wsfieal wuit of meane for toughhs io R =5, We hesceforthy xefor T the
ob;mwa{ou&m redial cooediucte fi= f‘/ Rgohe oud couxider the omaa_fe,al uu[f“ofg Ofmiﬁ?z

Ugahe + L2(com), vtdr) — L((0,m),dg), (Uaanr £)(9)i=Rachr p #(Reuir-)= £16)
= heiusohrh,u:ohr: f“——%fz) {—}Jﬁ—fﬁ%@—)*;ﬁ) achiug ou (o), dp)
D(he) = Ug e Dlhe) = Ugaty § £ € 2000}, %) | hed € LY((0,m), r2dr)}
| Fe 2(,),de) | T0)-=0, hef e (2((oee), )} = HE((0,)).
Piafnosﬂion; Ve IN, B{Enekhzeﬁ‘—l-z((of”)fdf) ozthoworual oyfem oof et‘a,wﬂudq‘ow o(f he
Ke jF‘ne = '_;—nz fne, ( "gn&”ﬁ‘((o,oo),df) = i—)
Rm_K; the. ef%&LUQ,QJE'D of H;e h‘:&o’.te-g HWQTBMLOJL Qre meao}iue ow:l |',uo(ep€ua(ezﬂL0 J’ ere,
ou&uﬂom mometow wowbere £€iNo.

&rr_lE: exp&a’f‘ esc,mmiou: ﬁ)z fhe Jcﬁclxaﬁ el'a‘eaﬂwo!—lbao;
fne(f)?ﬂé—(%ﬁ%(%)‘m sz:g(%\ﬁ) e~ (0,elN, ot n2f0ei> i)

' ) S ey i Os_jé,?t %_Qne,ral(ae.cl LA%‘J@JTE,
L,‘:_(E)‘: (‘f)Jm tJe 'i"{%(tke— ) (te[olm)) fJolynomia,lS

‘ Preof: Gouader the h:\.t'sing/loweﬂna oPer&JRBrs A = Iﬁ(;i+%_#)’ D(AZ) = Ha((os00), df)\

Le_mma 1:4) (Aé)*= AP? |°) [AE,AE,]= g%ziil—) c) rlez A_eAZ —mi—l)ij rl:eu: Az/i\;—z(—e‘?&_
proot: explicit mw(ao_fs,lfiou.

B



Lemma 2: Let —Fp_n be moch. Hhit ﬁg fe,,iq fgn (rl«i)’ [|fne|l_-_i~ “Thew:

3) l£ == m : I'EEH (Acfa-%_n): Y[(Ag—]?ie?), ”Az%ne“?': %mz‘rq)

b) lf r[>—é—z, 0>0i heoa(Aeten) = 'L(Aiﬁgn), l Aéfne“z: .z'el .

P,rf?f. the thest> i?opﬂpwa (P'zow lomma 1 wl.'HfL the uadgﬂ gx%om@[tqu the woaws.

Lemma 3 1: F_zln—z ) nz E+i

preof 0 AL Fenll'= e = 112~ e Thes, the Hhows ol by cifclichion

2(04)*
Arowe IyeRAN, y>€d ot = hz\—r’—} __Z(Eii)L = AbkelN st lefecyc et d
Ou the other h.oucl, laa lemma 2, EM(AE)'LE(,_”: Q(Aéf)kﬂn oudl
ey 12 4 .
(4} fenll = 2o 120 with 'l“él?z > r2liket

Nest, we ratrace he soue orgomenls etbiued for fhe horutouic ooillab. Homblonion
ot faz the wa»éoro mem‘a{'(:\m op&tﬂ;?..

Let fne be uch el [{’eﬁ,,emfn,_fm oud ||%ne"=’i- )

o l=n-1i 0=<Foes (B + 5) Toe> = <Fey A AL B> = 1AL eI
=l A't'ﬁm:é(‘%Jf%‘%)fne = fg,n_.(rhcnf”e‘f/“ Vuique P
llfq'nq“:i = Cn:\{(é)znﬂ_\_

n (an)!

5 £—n-2. Uou%{ Yo 2 — fn,,,_L i= \jgg—i(_“‘“—"—} A;_z_ Iﬂ:n—l qucruo_ OO&LO(L ocf ()

~ n-1-€ i
o -1 B}’ tdezafion —» J\me‘_‘_(:l.n?r) 2 (n-nh(n+e)! Ao Anahn, fn,nq U,thue eoﬁ)!n'o,u
el @n-01(n-1-0)

2\ T
Th%remla U?(Hr):{Enz—ﬁi(_;\i_)Elz n:/j"zl%/"‘i

. the mounobized eigeuforctions ore. Wgm (r8,9) < £,0(r) Yo (@) (£<0,-,0-1, [mi<?)

__2 [(n-g=n) (2r )e zhl( 2 \ororin K2
:Ehe(r) an((h*e).RBehr)g nRac},r Ln+e nRBOhr e n Bch (RB@‘W:F_’{;,)

Rmke: 6p(Hr) reproduces the Bolutex o')eafuﬁ series ( obaewed expffciweu’ra@%)

L, it /wts.“l‘cj'l&) the Bohz /mpo'-aﬂ/“'houglu the lltee. i> wzoug (A Puchclug afegw%a%)
Rk {Ungnl ote usl o wwp&ltf, 9797Le,w for L(R®): span) oemd = Hpp L Hac
Rmie: A qeueric elugent i the eigeuspace aociated 15 f(henet'awwﬂue. _ et L

2k* nt
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=0 m=-
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=0 m=-€ =0

Notebly, the qeovud Fale (n=1,2-0,m=0) i> omigue : YooK = f’;’_é_y; o TReche

Bohr

Rmk: The %ZDUUDI sale Yoo (o the owigue e[aeua@uuokou oibiely 15 Tuoscoal guder. ilalions
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V() reaches o wexiwwm volboe J@oz r=Rahy
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